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Abstract
Let F be a ﬁnite ﬁeld with q = pf elements, where p is a prime number. Let N(n) be
the number of solutions (x1, . . . , xn) of the triangular equation a1xd111 + a2xd211 xd222 + · · · +
anx
dn1
1 · · · xdnnn = b in Fnq , where n2, dij 0, ai ∈ F ∗q and b ∈ Fq . In this paper, we obtain
an explicit formula for the expression N(n) under the necessary restriction gcd(d11d22 . . . dnn,
q − 1) = 1. We also discuss the general case without the additional restriction by applying
Jean Delsarte’s method of character sum techniques (Nombre de solutions des équations poly-
nomiales sur un corps ﬁni, Séminaire Bourbaki, Exposé, 39:1C9, March 1951; An English
summary available at: http://arxiv.org/PS_cache/math/pdf/0401/0401066.pdf).
© 2004 Elsevier Inc. All rights reserved.
Keywords: Finite ﬁelds; Solutions of equation; Character sum
1. Introduction
Let F = Fq be the ﬁnite ﬁeld of q elements, where q = pf , f 1, p is an odd
prime number, and let h ∈ F [x1, . . . , xn] be a polynomial of positive degree. It is
well known that there exists an explicit formula (see [10, p. 275, pp. 278–289]) for
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the number of solution of h(x1, . . . , xn) = 0 with deg(h)2 in Fn. For the following
k-linear equation
a1x11 · · · x1k + a2x21 · · · x2k + · · · + anxn1 . . . xnk = a, ai ∈ F ∗, a ∈ F.
Carlitz [8], Cohen [3], and Hodges [5] also obtained its number of solutions with an
explicit formula independently. And for the diagonal equation
a1x
d1
1 + · · · + anxdnn = b, ai ∈ F ∗, b ∈ F, di > 0, 1 in,
much work has been done to seek for the number of solutions of the above equation
and can be found in the papers of Hua and Vandiver [9], Weil [1], Ax [4], Joly [6],
Wan [2], Wolfmann [7] and Sun [11], etc. In this paper, we will study the following
equation:
a1x
d11
1 · · · xd1,m+1m+1 + a2xd211 · · · xd2,m+1m+1 xd2,m+2m+2 + · · · + akxdk11 · · · xdk,m+1m+1 · · · xdk,m+km+k = b
in (F ∗)m+k , where m0, k1, dij0, a1, . . . , ak ∈ F ∗ and b ∈ F , which uniﬁed the
above-two types of equations and give an explicit formula for the number of solutions
of triangular equation
a1x
d11
1 + a2xd211 xd222 + · · · + anxdn11 · · · xdnnn = b (1)
in Fn, where dij0, d11d22 · · · dnn 	= 0, a1, . . . , an ∈ F ∗ and b ∈ F , with adding the
restriction of gcd(d11d22 · · · dnn, q − 1) = 1. Also, we brieﬂy discuss the general case
of the above equation without the additional restriction by character sum techniques.
2. The main result
Lemma. Let F = Fq be a ﬁnite ﬁeld of q elements, where q = pf , f 1, p is an odd
prime, and let N∗ denote the number of solutions of the equation
a1x
d11
1 · · · xd1,m+1m+1 + a2xd211 · · · xd2,m+1m+1 xd2,m+2m+2 + · · ·
+akxdk11 · · · xdk,m+1m+1 · · · xdk,m+km+k = b (2)
in (F ∗)m+k , where m0, k1, dij0, gcd(d1,m+1d2,m+2 · · · dk,m+k, q − 1) = 1,
a1, . . . , ak ∈ F ∗ and b ∈ F . Then
N∗ =
{
(q−1)k+(−1)k(q−1)
q
(q − 1)m if b = 0,
(q−1)k−(−1)k
q
(q − 1)m if b 	= 0. (3)
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Proof. Letf1 = xd111 · · · xd1,m+1m+1 , f2 = xd211 · · · xd2,m+1m+1 xd2,m+2m+2 , . . . , fk = xdk11 · · · xdk,m+1m+1 · · ·
x
dk,m+n
m+k and N∗(f1 = u1, f2 = u2, . . . , fk = uk) denote the number of the common
solutions (v1, . . . , vm+k) ∈ (F ∗)m+k of the system of equation
f1 = u1, f2 = u2, . . . , fk = uk, uj ∈ F, j = 1, . . . , k (4)
(i.e. fj (v1, . . . , vm+k) = uj , j = 1, . . . , k). Let (v1, . . . , vm+k) be a common solution
of the system of (4), then v1 · · · vm+k 	= 0 and we have
N∗ =
∑
a1u1+···+akuk=b
uj∈F∗,j=1,...,k
N(f1 = u1, f2 = u2, . . . , fk = uk). (5)
By the deﬁnition of fi , (v1, . . . , vm+k) is the common solution of the following system
of equation:
x
d11
1 · · · xd1,m+1m+1 = u1,
x
d21
1 · · · xd2,m+1m+1 xd2,m+2m+2 = u2, . . . , xdk11 · · · xdk,m+1m+1 · · · xdk,m+km+k = uk. (6)
Thus (6) is equivalent to the system of linear equations
m+i∑
j=1
dij ind (xj) ≡ ind(ui) (mod q − 1), i = 1, . . . , k. (7)
(Let b ∈ F ∗ be a ﬁxed primitive element of F, ∀a ∈ F ∗ and a = br for some r, then
deﬁne ind(a) = r [10, p. 541]. ∀(v1, . . . , vm) ∈ (F ∗)m, gcd(d1,m+1, d2,m+2 · · · dk,m+k,
q − 1) = 1 implies that there is a unique solution for (7), so does for (6). Thus for all
ﬁxed (u1, . . . , uk) ∈ (F ∗)k such that a1u1 + · · · + akuk = b, it follows that
N(f1 = u1, . . . , fk = uk) = (q − 1)m. (8)
Next, we calculate the number of the following equation:
a1u1 + · · · + akuk = b (9)
in (F ∗)k , where a1, . . . , ak and b are the coefﬁcients of (2). Let Nb,k denote the number
of solutions of (9), then
Nb,k = (q − 1)k +Nb,k−1 (k2). (10)
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Furthermore N0,1 = 0, Nb 	=0,1 = 1, by (10) and simple induction, we have
Nb,k2 =


k−1∑
j=1
(−1)j−1(q − 1)k−j = (q−1)k+(−1)k(q−1)
q
if b = 0,
k∑
j=1
(−1)j−1(q − 1)k−j = (q−1)k−(−1)k
q
if b 	= 0.
(11)
So, (5) and (11) yield (3). 
Let S = {0, 1} ⊂ Z and Sn =∏ni=1 S is the direct product of S. ∀ = (1, . . . , n) ∈
Sn, deﬁne  =∑ni=1 i . Applying the lemma above, we have the following theorem.
Theorem. Let F = Fq be a ﬁnite ﬁeld of q elements, where q = pf , f 1, p is an
odd prime, and let N(n) denote the number of solutions of the equation
a1x
d11
1 + a2xd211 xd222 + · · · + anxdn11 · · · xdnnn = b (12)
in Fn, where n2, dij0, gcd(d11 ·d22 · · · dnn, q−1) = 1, a1, . . . , an ∈ F ∗ and b ∈ F .
Then
N(n) =


∑
∈Sn
(q−1)h+(−1)h (q−1)
q
(q − 1)−h if b = 0,∑
∈Sn
(q−1)h−(−1)h
q
(q − 1)−h if b 	= 0, (13)
where h = n− #⋃j=0 {i|dij 	= 0}, ∀ = (1, . . . , n) ∈ Sn.
Proof. ∀ = (1, . . . , n) ∈ Sn, deﬁne
T = {(x1, . . . , xn) ∈ Fn| xi = ixi and xi 	= (1− i )e},
where e is the unit of F, then
Fn =
⋃
∈Sn
T and T
⋂
T = ∅ for all  	=  ∈ Sn.
Let N denote the number of solutions of Eq. (12) in T. It indicates that
N(n) =
∑
∈Sn
N. (14)
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∀ = (1, . . . , n) ∈ Sn ﬁxed, (12) yields
b1x
d11
1 + b2xd211 xd222 + · · · + bnxdn11 · · · xdnnn = b, (15)
in T, where bi = ai∏ dij 	=0
j=1,...,i
j . By the deﬁnition of h and j ∈ {i|dij 	= 0}, one
can see that h is the number of the non-zero monomials of (15) and no more than
the number of its unknowns ( = n−∑i=0 1). Removing the monomials with the
coefﬁcient of zero and taking corresponding transformation, we have
c1y
u11
1 · · · yu1,m+1m+1 + c2yu211 · · · yu2,m+1m+1 yu2,m+2m+2 + · · ·
+chy
uh1
1 · · · y
uh,m+1
m+1 · · · yuh,m+hm+h = b, (16)
where m = −h, {u1,m+1, u2,m+2, . . . , uh,m+h} ⊆ {d11, d22, . . . , dnn}. It is easy to
see that the number of solutions of Eq. (16) in (F ∗) is just N.
In case h 	= 0, By lemma, we have
N =
{
(q−1)h+(−1)h (q−1)
q
(q − 1)−h if b = 0,
(q−1)h−(−1)h
q
(q − 1)−h if b 	= 0. (17)
In case h = 0, (17) is also hold.
The result then follows from (17). 
Corollary. Let F = Fq be a ﬁnite ﬁeld of q elements, where q = pf , f 1, p is an
odd prime, and let N˜ (n) denote the number of solutions of the equation
a1x
d11
1 + a2xd211 xd222 + · · · + anxdn11 · · · xdnnn = b (18)
in Fn, where n1, dij > 0, gcd(d11d22 · · · dnn, q−1) = 1, a1, . . . , an ∈ F ∗ and b ∈ F .
Then
N˜ (n) =


(−1)n−1 + 2
n−1∑
k=1
(−1)n−(k+1)qk if b = 0,
n−1∑
k=0
(−1)n−(k+1)qk if b 	= 0.
(19)
Proof. ∀ = (1, . . . , n) ∈ Sn, {i|dij 	= 0} = {j, j + 1, . . . , n} for 1 	= 0, . . . , j−1 	=
0, j = 0, j = 1, . . . , n, and h = n − (n − j + 1) = j − 1. Let Nj denote the
rational points number of (18) with the restriction of 1 	= 0, . . . , j−1 	= 0, j = 0,
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j = 1, . . . , n. By (17)
Nj =


∑
(1,...,n)∈Fn2
1 	=0,...,j−1 	=0,j=0
(q−1)j−1+(−1)j−1(q−1)
q
(q − 1)−j+1 if b = 0,
∑
(1,...,n)∈Fn2
1 	=0,...,j−1 	=0,j=0
(q−1)j−1−(−1)j−1
q
(q − 1)−j+1 if b 	= 0. (20)
Suppose #{k|k = 1, k = j + 1, . . . , n} = i, then  = j − 1+ i and
Nj =


(q−1)j−1+(−1)j−1(q−1)
q
n−j∑
i=0
( n−j
i
)
(q−1)i = (q−1)j−1+(−1)j−1(q−1)
q
qn−j if b=0,
(q−1)j−1−(−1)j−1
q
n−j∑
i=0
( n−j
i
)
(q−1)i = (q−1)j−1−(−1)j−1
q
qn−j if b 	=0.
(21)
Let Nn+1 denote the rational points number of (18) with the restriction of 1 = · · · =
n = 1, then h =  = n. Also, by (17)
Nn+1 =
{
(q−1)n+(−1)n(q−1)
q
if b = 0,
(q−1)n−(−1)n
q
if b 	= 0. (22)
Obviously
N˜ (n) =
n+1∑
i=1
Ni =


N˜
(n)
0 = (q−1)
n+(−1)n(q−1)
q
+
n∑
j=1
(q−1)j−1+(−1)j−1(q−1)
q
qn−j if b=0,
N˜
(n)
1 = (q−1)
n−(−1)n
q
+
n∑
j=1
(q−1)j−1−(−1)j−1
q
qn−j if b 	=0.
(23)
So, we have
N˜
(n+1)
0 = qN˜(n)0 + (−1)n−1q + (−1)n (n2) (24)
and
N˜
(n+1)
1 = qN˜(n)1 + (−1)n (n2). (25)
Also N˜ (2)0 = 2q − 1, N˜ (2)1 = q − 1 by (23), and N˜ (3)0 = 2q2 − q + 1, N˜ (3)1 = q2− q + 1, by (24) and (25). In general, we can obtain (19) by (24), (25) and simple
induction. 
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3. Further remarks
Finally, we brieﬂy discuss the general case of Eq. (2) by character sum techniques
which are totally analogous to what Jean Delsarte employed in [12]. Suppose that
H = a1xd111 · · · xd1,m+1m+1 + a2xd211 · · · xd2,m+1m+1 xd2,m+2m+2 + · · ·
+akxdk11 · · · xdk,m+1m+1 · · · xdk,m+km+k − b = 0, (26)
where m0, k1, dij0. Let N∗ denote the number of solutions of (26) in (F ∗)m+k .
For b 	= 0, one can take a0 = −b, yi−1 = xi, i = 1, . . . , m and yj = xj , j =
m + 1, . . . , m + k, and multiply both sides of (26) by unknown ym ∈ F ∗. This
yields
a0y
0
0 · · · y0m−1y1m + a1yd110 · · · y1myd1,m+1m+1 + · · · + akydk10 · · · y1mydk,m+1m+1 · · · ydk,m+km+k = 0.
Now, for b 	= 0 and every ﬁxed ym ∈ F ∗ (26) is equivalent to the above equation.
So, it is enough to discuss the case of b = 0 of (26). Let F = Fq be the ﬁnite ﬁeld
we mentioned in Section 2 and Fm+k be the m+ k-dimensional F vector space, view
Fm+k as a ring with pointwise addition and multiplication. Let
fi = xdi11 · · · xdi,m+im+i , i = 1, . . . , k, (27)
where x = (x1, . . . , xm+k) is an invertible element of the ring Fn. The system of Eq.
(27) deﬁnes a group homomorphism  from (Fm+k)∗ to (F k)∗ (of the direct products
of the multiplicative groups F ∗, =(F ∗)k). Let d = #ker  and let G be its image. Let
 be an additive character over F, we calculate the summation
S¯ =
∑
x∈(Fm+k)∗
(H(x)) = d
∑
f∈G
(af ) (28)
with a = (a1, . . . , ak) ∈ (F k)∗ (the coefﬁcients of (26)). The product af is expressed
in the ring Fk and the additive character  is extended to this ring (according to
(af ) = (a1f1 + · · · + akfk) = (a1f1) · · ·(akfk)).
Let 1, . . . , k be the multiplicative characters of the group F ∗ and  = (1, . . . , k)
be a multiplicative character of the group (F k)∗ (see [12]) by
(f ) = 1(f1)2(f2) · · · k(fk) ∀f = (f1, f2, . . . , fk) ∈ (F k)∗.
We introduce the group G˜ (orthogonal to G), which is the ensemble of characters on
(F k)∗ with (f ) = 1 ∀f ∈ G. Such a character is constant on the cosets of G in (F k)∗.
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Thus one can easily get #G˜ = d(q − 1)−m. Now consider the sum
T =
∑
∈G˜
∑
f∈(F k)∗
(f )(af ). (29)
For ﬁxed f, the sum  is #G˜ = d(q − 1)−m when f ∈ G and the sum is zero for
others. Therefore
T = d(q − 1)−m
∑
f∈G
(af ),
hence
T = (q − 1)−mS¯
so we have
S¯ = (q − 1)m
∑
∈G˜
∑
f∈(F k)∗
(f )(af ). (30)
Next, we generalized the Gauss sums to (F k)∗ (see [12]). For a multiplication character
 = (1, 2, . . . , k) over (F k)∗, deﬁne
G() = g(1)g(2) · · · g(k),
where g(i ) is deﬁned by an additive character  and the multiplication character
i , i = 1, . . . , k. By easy calculations, we get
S¯ = (q − 1)m
∑
∈G˜
¯(a)G(), (31)
where ¯(a) = ¯1(a1) · · · ¯k(ak). Now, we calculate the sum of values S¯() where 
ranges over all non-trivial additive characters over F:
∑

S¯() =
∑

∑
x∈(Fm+k)∗
(H(x)). (32)
For ﬁxed x, the sum over the characters  will be −1 if H(x) is not 0, and q − 1 if
H(x) = 0, hence
∑

S¯() = (q − 1)N∗ − ((q − 1)m+k −N∗) = qN∗ − (q − 1)m+k,
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because the number values x ∈ (Fm+k)∗ for which H(x) 	= 0 is (q − 1)m+k − N∗.
Now ﬁx a nontrivial character 0. For every other nontrivial character  we have a
u ∈ F ∗ such that (x) = 0(ux),∀x ∈ F (thus establishing a bijection between the
set of nontrivial characters and F ∗). Moreover, we have
∑
x∈F ∗
(x)(x) =
∑
x∈F ∗
(x)0(ux)
or
g(i ) = ¯i (u)g0(i ), i = 1, . . . , k,
where g0 is the Gauss sum where we used the additive character 0. Thus, one ﬁnds
G() = 12 · · · k(u)G0().
(Obviously 12 · · · k is the multiplicative character over F ∗.) Finally, (31) gives
S¯() = (q − 1)m
∑
∈G˜
12 · k(u)¯(a)G0().
If we want to sum this expression over all nontrivial additive characters , it is sufﬁcient
to sum over all u ∈ F ∗. On the other hand, ∀ = (1, 2, . . . , k) ∈ G˜, we have that
u∈F ∗12 · · · k(u) = 0 if 12 · · · k is nontrivial, and the sum is q−1 if 12 · · · k =
ε is trivial. We thus have
∑

S¯() = (q − 1)m+1
∑
=(1,2,...,k)∈G˜
12 ···k=ε
¯(a)G0(). (33)
Then, we get the ﬁnal result
N∗ = 1
q
[
(q − 1)m+k + (q − 1)m+1
∑
=(1,2,...,k)∈G˜
12···k=ε
¯(a)G0()
]
. (34)
Of course, we also can get the results of the Lemma from (34) by restricting
gcd(d11d22 · · · dnn, q − 1) = 1. At this time  is a surjective homomorphism, that
means the image G = (F k)∗. By the deﬁnition, G˜ = (ε, ε, . . . , ε) and G(ε, ε, . . . , ε) =
(−1)k . So, from (34), one can get
N∗ = (q − 1)
k + (−1)k(q − 1)
q
(q − 1)m for b = 0
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and
N∗ = (q − 1)
k+1 + (−1)k+1(q − 1)
q(q − 1) (q − 1)
m for b 	= 0.
One can take m = 0 and k = n for the above expression to obtain the number of
solutions of (1) in (F ∗)n. But the whole proof seems no more concise than the former
proof of the lemma. Furthermore, the former is more elementary.
Let equation
F =
r∑
i=1
aix
m1i
1 · · · xmsis = 0, (35)
where ai ∈ F ∗, i = 1, . . . , r , the size of F is big such that q − 1 does not divide any
of the mij (that means mij > 0). In [12], Jean Delsarte gave a formula for the number
of solutions of (35) in (F s)∗(=(F ∗)s), which gets denoted by
N¯ = 1
q
[
(q − 1)s + (q − 1)s−r+1
∑
=(1,2,...,r )∈G˜
12···r=ε
¯(a)G0()
]
, (36)
where a = (a1, . . . , ar ) ∈ (F r)∗ (the coefﬁcients of F), G is the image of a group
homomorphism , deﬁned by
(F s)∗ → (F r)∗,
(x1, . . . , xs) → (y1, . . . , yr ),
where yi = xm1i1 . . . xmsis , i = 1, . . . , r . The G˜ is orthogonal to G and  = (1, . . . , r )
is a multiplicative character of the group (F r)∗.
From what we discussed above (34), one can easily ﬁnd that the restriction of
mij > 0 is not necessary. In other words, (36) still holds even if mij0 in F = 0. In
fact, if all the mij > 0 in F = 0, it implies
N = (q − 1)s − (q − 1)s−1 + N¯,
where N denotes the number of solutions of (35) in F s . For mij0, however, one can
hardly get the similar result in F s . Usually, it is very difﬁcult to calculate (34) and
(36), even if one cannot give a valid estimate for the general case. Suppose M is the
number of all k-tuples of character  = (1, . . . , k) in G˜, where 1 · · · k = ε, one
can give a rough estimate of (34)
|qN∗ − (q − 1)m+k|M(q − 1)m+1qk/2. (37)
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